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Abstract
In this paper, we investigate the generalized Pell sequence, the gen-
eralized complex Pell sequence and the generalized dual Pell sequence
using the Pell numbers. We obtain special cases of these sequences.
Furthermore, we give recurrence relations, vectors, the silver ratio and
Binet’s formula for the above-investigated sequences.
Keywords: Pell number, Pell-Lucas number, generalized Pell se-
quence, complex numbers, dual numbers.
1 Introduction
The Fibonacci, Lucas, Pell and Pell-Lucas numbers have important parts
in mathematics. They are of fundamental importance in the fields of com-
binatorics and number theory (see, for example, [10, 13, 16]). The use of
such special sequences has increased significantly in quantum mechanics,
quantum physics, etc.
The Pell sequence
1 , 2 , 5, 12, 29, 70, 169, 408, 985, 2378, . . . , Pn, . . .
is defined by the recurrence relation
Pn = 2Pn−1 + Pn−2 , (n ≥ 3),
with P1 = 1, P2 = 2 , which is well known as the n-th term of the Pell se-
quence (Pn). The Pell numbers were named after the English mathematician
John Pell [3, 13, 17].
The Pell - Lucas sequence
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2 , 6 , 14, 34, 82, 198, 478, 1154, 2786, 6726, . . . , Qn, . . . is defined by
the recurrence relation Qn = 2Qn−1 +Qn−2 , (n ≥ 3), with Q1 = 2 , Q2 =
6 , which is well known as the n-th term of the Pell-Lucas sequence (Qn)
(Franc¸ois Edouard Anatole Lucas, 1876).
Furthermore, we can found the matrix representations of the Pell and Pell-
Lucas numbers in [15, 19].
For the Pell and Pell-Lucas numbers, the following properties
PmPn+1 + Pm−1Pn = Pm+n ,
PmPn+1 − Pm+1Pn = (−1)n Pm−n ,
Pn−1Pn+1 − P 2n = (−1)n ,
P 2n + P
2
n+1 = P2n+1 ,
P 2n+1 − P 2n−1 = 2P2n ,
2Pn+1 Pn − 2P 2n = P2n ,
P 2n + P
2
n+3 = 5P2n+3 ,
P2n+1 + P2n = 2P
2
n+1 − 2P 2n − (−1)n ,
P 2n + Pn−1Pn+1 =
Qn
4 ,
Pn+1 + Pn−1 = Qn ,
PnQn = P2n
. (1.1)
and the following summation formulas
P 21 + P
2
2 + P
2
1 + . . . + P
2
n =
PnPn+1
2
, (1.2)
n∑
k=0
(
n
k
)
2k P2k = P2n, (1.3)
n∑
k=0
(
n
k
)
Pk Pn−k = 2
nPn (1.4)
were hold [3, 4, 13, 17].
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2 The Generalized Pell Sequence
In this section, we define the generalized Pell sequence denoted by Pn.
The generalized Pell sequence defined by
Pn = 2Pn−1 + Pn−2 , (n ≥ 3) (2.1)
with P0 = q , P1 = p , P2 = 2 p+ q, where p, q are arbitrary integers. That
is, the generalized Pell sequence is
q , p , 2 p+ q , 5 p+2 q , 12 p+5 q , 29 p+12 q , . . . , (p− 2 q)Pn+ qPn+1, . . .
(2.2)
Using the equations (2.1) and (2.2) , we get
Pn = pPn + q Pn−1 ,
Pn+1 = pPn+1 + q Pn ,
Pn+2 = (2 p + q )Pn+1 + pPn.
(2.3)
Putting n = r in the Eq.(2.3) and using the Eq. (2.1), we find in turn
Pr+3 = (5 p + 2 q )Pr+1 + (2 p + q )Pr = P3 Pr+1 + P2 Pr−1 ,
Pr+4 = (12 p + 5 q)Pr+1 + (5 p + 2 q)Pr−1 = P4 Pr+1 + P3 Pr−1.
(2.4)
Consequently, we obtain relation between the generalized Pell sequence and
the Pell sequence as follows:
Pn+r = Pn Pr+1 + Pn−1 Pr. (2.5)
Also, certain results follow almost immediately from the Eq.(2.1)
Pn+1 − 5Pn−1 − 2Pn−2 = 0 , (2.6)
2Pn − 4Pn−1 − Pn−2 = 0 , (2.7)
2
n−1∑
i=0
P2i+1 = P2n − q, (2.8)
2
n∑
i=1
P2i = P2n+1 − p. (2.9)
For the generalized Pell sequence, we have the following properties:
(Pn)
2 + (Pn+1)
2 = (2p − 2q)P2n+1 − ep P2n+1 , (2.10)
(Pn+1)
2 − (Pn−1)2 = 2 [(2p − 2q)P2n − ep P2n] , (2.11)
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Pn−1 Pn+1 − (Pn)2 = (−1)n ep , (2.12)
(Pn+1)
2 + ep (Pn)
2 = pP2n+1 , (2.13)
Pm Pn+1 − Pm+1 Pn = (−1)n ep Pm−n , (2.14)
Pm Pn+1 + Pm−1 Pn = (2p− 2q)Pm+n − ep Pm+n , (2.15)
Pn+1−r Pn+1+r − (Pn+1)2 = (−1)n−r ep P 2r , (2.16)
Pn Pn+r+1 − Pn−s Pn+r+s+1 = (−1)n+s ep Ps Pr+s+1 , (2.17)
Pn+r + (−1)rPn−r
Pn
= Qr , (2.18)
where ep = p
2 − 2 p q − q2 and Qr is the Pell-Lucas number.
In addition, we obtain the following relations
Pn+r + (−1)r Pn−r = Qr Pn , (2.19)
Pn+r Pn−r − P 2n = (−1)n−r+1 P 2r , (2.20)
Pn Pn+r+1 − Pn−s Pn+r+s+1 = (−1)n+s Ps Pr+s+1 , (2.21)
Pn−1 Pn+r − Pn−s−1 Pn+r+s = (−1)n+s+1 Ps Pr+s+1 , (2.22)
Pn Pn+r + Pn−1 Pn+r+1 − Pn−s Pn+r+s − Pn−s−1 Pn+r+s+1
= 2 (−1)n+s+1 Ps Pr+s+1 . (2.23)
Theorem 1. If Pn is the generalized Pell number, then
lim
n→∞
Pn+1
Pn
=
pα+ q
qα+ (p− 2 q) ,
where α = (1 +
√
2).
Proof. We know for the Pell number Pn
lim
n→∞
Pn+1
Pn
= α,
where α = (1 +
√
2) [13].
Then for the generalized Pell number Pn , we obtain
lim
n→∞
Pn+1
Pn
= lim
n→∞
pPn+1 + q Pn
q Pn+1+(p−2 q)Pn
= pα+ q
q α+(p−2 q) .
(2.24)
4
Theorem 2. The Binet’s formula 2 for the generalized Pell sequence is as
follows;
Pn =
( α¯ αn − β¯ βn)
α− β . (2.25)
Proof. Characteristic equation of the recurrence relation Pn+2 = Pn+1+2Pn
is
t2 − 2 t− 1 = 0. (2.26)
The roots of this equation are
α = 1 +
√
2 and β = 1−
√
2, (2.27)
where α+ β = 2 , α− β = 2√2 , αβ = −1.
Using the recurrence relation and P0 = q, P1 = p initial values, we obtain
the Binet’s formula for Pn as
Pn = ( p− 2 q )Pn + q Pn+1
= ( p− 2 q ) (αn−βn
α− β
) + q (α
n+1
−βn+1
α− β
)
= α α
n
− β βn
α−β
,
where α¯ = p+ q (α− 2) , β¯ = p+ q (β − 2) .
2.1 The Generalized Pell Vectors
A generalized Pell vector is defined by
−→
Pn = (Pn , Pn+1, Pn+2).
From the Eq. (2.2) it can be expressed as
−→
Pn = (p− 2 q)−→P n + q−→P n+1, (2.28)
where
−→
Pn = (Pn , Pn+1, Pn+2).
−−−→
Pn+1 = (Pn+1 , Pn+2, Pn+3) is also (n+1)-th
Pell vector.
2Binet’s formula is the explicit formula to obtain the n-th Pell and Pell-Lucas numbers.
It is well known that for the Pell and Pell-Lucas numbers, Binet’s formulas are
Pn =
αn − βn
α− β
and
Qn = α
n + βn
respectively, where α+β = 2 , α−β = 2
√
2 , αβ = −1 and α = 1 +
√
2 , β = 1−
√
2, [13,
21].
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The product of
−→
Pn and λ ∈ R is given by
λ
−→
Pn = (λ
−→
Pn, λ
−−−→
Pn+1, λ
−−−→
Pn+2)
and,
−→
Pn and
−→
Pm are equal if and only if
Pn = Pm
Pn+1 = Pm+1
Pn+2 = Pm+2.
Theorem 3. Let
−→
Pn and
−→
Pm be two generalized Pell vectors. The dot product
of
−→
Pn and
−→
Pm is given by
〈−→
Pn,
−→
Pm
〉
= p2(Pn+m+3 + PnPm)
+ p q (Pn+m+2 + 2Pn+m + 2Pn+1 Pm+1)
+q2 (Pn+m+1 + Pn−1 Pm−1) .
(2.29)
Proof. The dot product of
−→
Pn = (Pn, Pn+1, Pn+2) and−→
Pm = (Pm , Pm+1, Pm+2) defined by
〈−→
Pn,
−→
Pm
〉
= PnPm + Pn+1Pm+1 + Pn+2Pm+2.
Using the equations (2.1), (2.2) and (2.3), we obtain
Pn Pm = p
2 (Pn Pm) + p q (Pn Pm−1 + Pn−1 Pm)
+q2 (Pn−1 Pm−1),
(2.30)
Pn+1 Pm+1 = p
2 (Pn+1 Pm+1) + p q (Pn+1Pm + Pn Pm+1)
+q2 (Pn Pm),
(2.31)
Pn+2 Pm+2 = p
2 (Pn+2 Pm+2) + p q (Pn+2Pm+1 + Pn+1Pm+2)
+q2 (Pn+1Pm+1),
(2.32)
〈−→
Pn,
−→
Pm
〉
= p2(Pn Pm + Pn+m+3)
+p q (2Pn+1 Pm+1 + 2Pn+m + Pn+m+2)
+q2 (Pn−1 Pm−1 + Pn+m+1) .
Then, from the equations (2.30), (2.31) and (2.32), we have the equation
(2.29).
Special Case-1: For the dot product of the generalized Pell vectors
−→
Pn and−−−→
Pn+1, we get
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〈−→
Pn,
−−−→
Pn+1
〉
= PnPn+1 + Pn+1Pn+2 + Pn+2Pn+3
= p2 (P2n+4 + Pn Pn+1) + p q [2P2n+3 + P2n−1 + 2Pn Pn−1]
+q2 (P2n+2 + Pn−1 Pn )
(2.33)
and
〈−→
Pn,
−→
Pn
〉
= (Pn)
2 + (Pn+1)
2 + (Pn+2)
2
= p2(P2n+3 + P
2
n ) + 2 p q (P2n+2 + Pn Pn−1)
+q2 (P2n+1 + P
2
n−1 ).
(2.34)
Then for the norm of the generalized Pell vector, we have
∥∥∥−→Pn
∥∥∥2 = 〈−→Pn,−→Pn
〉
= Pn
2 + Pn+1
2 + Pn+2
2
= p2
(
P2n+3 + P
2
n
)
+2 p q (P2n+2 + Pn Pn−1 )
+ q2
(
P2n+1 + P
2
n−1
)
.
(2.35)
Theorem 4. Let
−→
Pn and
−→
Pm be two generalized Pell vectors. The cross
product of
−→
Pn and
−→
Pm is given by
−→
Pn ×−→Pm = (−1)m+1 Pn−m (i+ 2 j − k) ep. (2.36)
Proof. The cross product of
−→
Pn ×−→Pm defined by
−→
Pn ×−→Pm =
∣∣∣∣∣∣
i j k
Pn Pn+1 Pn+2
Pm Pm+1 Pm+2
∣∣∣∣∣∣
= i (Pm+2Pn+1 − Pm+1Pn+2)
−j (Pm+2Pn − PmPn+2)
+k (Pm+1Pn − PmPn+1) .
(2.37)
Now, we calculate the cross products:
Using relations (2.1) and (2.3) or the following properties


P 2n − Pn+1Pn−1 = (−1)n+1,
Pn−1 Pm+1 − Pn+2 Pm−1 = 5 (−1)m−1 Pn−m,
Pn−1 Pm+1 − Pn+1 Pm−1 = 2 (−1)m−1 Pn−m,
Pn Pm+2 − Pn+2 Pm = 2 (−1)m Pn−m,
(2.38)
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we get,
Pm+2Pn+1 − Pm+1Pn+2 = (−1)m+1 Pn−m (p2 − 2 p q − q2) = (−1)m+1 ep,
(2.39)
Pm+2Pn − PmPn+2 = (−1)m Pn−m (p2 − 2 p q − q2) = (−1)m ep, (2.40)
and
Pm+1Pn − PmPn+1 = (−1)m Pn−m (p2 − 2 p q − q2) = (−1)m ep. (2.41)
Then from the equations (2.39), (2.40) and (2.41), we obtain the equation
(2.36).
Theorem 5. Let
−→
Pn,
−→
Pm and
−→
Pl be the generalized Pell vectors. The mixed
product of these vectors is
〈−→
Pn ×−→Pm , −→Pl
〉
= 0. (2.42)
Proof. Using
−→
Pl = (Pl, Pl+1, Pl+2), we can write
〈−→
Pn ×−→Pm , −→Pl
〉
=
∣∣∣∣∣∣
Pn Pn+1 Pn+2
Pm Pm+1 Pm+2
Pl Pl+1 Pl+2
∣∣∣∣∣∣
= Pn (Pm+1 Pl+2 − Pm+2 Pl+1)
+Pn+1 (Pm+2 Pl − Pm Pl+2)
+Pn+2 (Pm Pl+1 − Pm+1 Pl) .
(2.43)
Then using the equations (2.39), (2.40) and (2.41) we obtain
Pn (Pm+1 Pl+2 − Pm+2 Pl+1) +Pn+1 (Pm+2 Pl − Pm Pl+2)
+Pn+2 (Pm Pl+1 − Pm+1 Pl)
= (−1)l+1 Pm−l (p2 − 2 p q − q2)
(Pn + 2Pn+1 − Pn+2 )
= (−1)l+1 Pm−l ep (Pn+2 − Pn+2 )
= 0.
Thus, we have the equation (2.42).
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3 The Generalized Complex Pell Sequence
In this section, we define the generalized complex Pell sequence denoted by
Cn.
The generalized complex Pell sequence defined by
Cn = Pn + iPn+1 , i
2 = −1, i 6= 0 (3.1)
with C1 = p + i (2 p + q) , C2 = (2 p + q) + i (5 p + 2 q), C3 = (5 p + 2 q) +
i (12 p + 5 q),... where p, q are arbitrary integers.
Cn = ( p − 2 q + i q )Pn + ( q + i p )Pn+1,
Cn+1 = ( q + i p )Pn + [ p + i ( 2 p + q ) ]Pn+1,
Cn+2 = [ p + i ( 2 p + q ) ]Pn + [ (2 p + q ) + i (5 p + 2 q ) ]Pn+1,
(3.2)
...
where p, q are arbitrary integers. That is, the generalized complex Pell
sequence is
p + i (2 p + q ), (2 p + q ) + i (5 p + 2 q ), (5 p + 2 q ) + i (12 p + 5 q ),
(12 p + 5 q) + i (29 p + 12 q ), . . . , ( p+ i (2 p + q ))Pn + ( q + i p ) )Pn−1, . . .
(3.3)
Special Case-1: From the generalized complex Pell sequence (Cn) for
p = 1, q = 0 in the equation (3.3), we obtain as follows:
(Cp) : 1 + i 2 , 2 + i 5 , 5 + i 12 , 12 + i 29, . . . , (1 + i 2 )Pn + i Pn−1, . . .
Special Case-2: From the generalized complex Pell sequence (Cn) for
p = 2, q = 2 in the equation (3.3), we obtain following another special
sequence:
(Cq) : 2 + i 2 , 2 + i 6 , 6 + i 14 , 14 + i 34, . . . , (1 + i 2 )Qn + iQn−1, . . .
From the equations (3.1), (3.2) and (3.3), we get the following properties for
the generalized complex Pell sequence:
C
2
n + C
2
n+1 = [ ( 2 p−2 q )+i (2 p+2 q ) ]C2n+1 −( 2 +2 i ) eP P2n+1 , (3.4)
C
2
n+1 − C2n−1 = 2 [ ( 2 p−2 q )+i (2 p+2 q ) ]C2n −2 ( 2 +2 i ) eP P2n , (3.5)
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C
2
n+1 + (2 + 2 i) eP P
2
n = [ ( 1 + 2 i )C2n+1 , (3.6)
Cn−1Cn+1 − C2n = (−1)n (2 + 2 i ) eP , (3.7)
CmCn+1 + Cm−1Cn = (2 i − 2) [(2 p + 2 q )Rm+n + eP Pm+n−1] , (3.8)
CnCn+r+1 − Cn−sCn+r+s+1 = (−1)n+s (2 + 2 i) ep Ps Pr+s+1 , (3.9)
CmCn+1 − Cm+1Cn = (−1)n Pm−n (2 + 2 i ) eP , (3.10)
Cn+1−r Cn+1+r − C2n+1 = (−1)n−r (2 + 2 i ) eP P 2r ,
(3.11)
Cn+r + (−1)rCn−r
Cn
= Qr , (3.12)
where ep = p
2 − 2 p q − q2.
3.1 The Generalized Complex Pell Vectors
A generalized dual Pell vector is defined by
−→
Cn = (Cn , Cn+1, Cn+2).
From equations (3.1) and (3.3), it can be expressed as
−→
Cn =
−→
Pn + i
−−−→
Pn+1
= (p− 2 q + i q)−→P n + (q + i p)−→P n+1,
(3.13)
where
−→
C n = (Cn , Cn+1, Cn+2) and
−→
P n = (Pn , Pn+1, Pn+2) are the gener-
alized complex Pell vector and the Pell vector, respectively.
The product of
−→
Cn and λ ∈ R is given by
λ
−→
Cn = λ
−→
Pn + i λ
−−−→
Pn+1
and,
−→
Cn and
−→
Cm are equal if and only if
Pn = Pm,
Pn+1 = Pm+1,
Pn+2 = Pm+2 .
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Theorem 6. Let
−→
Cn and
−→
Cm be two generalized complex Pell vectors. The
dot product of
−→
Cn and
−→
Cm is given by
〈−→
Cn,
−→
Cm
〉
= p2 (Pn+m+1 + Pn+m+3 + Pn+m+5)
+2 p q (Pn+m + Pn+m+2 + Pn+m+4)
+q2 (Pn+m−1 + Pn+m+1 + Pn+m+3)
+(−1)n i Pm−n eP
= 7 [ p2 Pn+m+3 + 2 p q Pn+m+2 + q
2 Pn+m+1 ]
+(−1)n i Pm−n eP .
(3.14)
Proof. The dot product of
−→
Cn = (Cn , Cn+1, Cn+2) and
−→
Cm = (Cm , Cm+1, Cm+2)
defined by
〈−→
Cn,
−→
Cm
〉
= CnC¯m + Cn+1C¯m+1 + Cn+2C¯m+2.
From the equations (3.1), (3.3) and (3.2), we obtain
CnC¯m = p
2(Pn+m+1) + 2 p q (Pn+m)
+q2 (Pn+m−1) + (−1)n i Pm−n eP , (3.15)
Cn+1C¯m+1 = p
2(Pn+m+3) + 2 p q (2Pn+m+2)
+q2(Pn+m+1) + (−1)n+1 i Pm−n eP , (3.16)
and
Cn+2C¯m+2 = p
2(Pn+m+5) + 2 p q (Pn+m+4)
+q2 (Pn+m+3) + (−1)n i Pm−n eP . (3.17)
Then from equations (3.15), (3.16) and (3.17), we have the equation (3.14).
Special Case-3: For the dot product of generalized complex Pell vectors−→
Cn and
−→
C n+1, we get
〈−→
Cn,
−−−→
Cn+1
〉
= CnC¯n+1 + Cn+1C¯n+2 + Cn+2C¯n+3
= p2 (P2n+2 + P2n+4 + P2n+6)
+2 p q (P2n+1 + P2n+3 + P2n+5)
+q2(P2n + P2n+2 + P2n+4)
+ i {(−1)n eP }
= 7 [ p2 P2n+4 + 2 p q P2n+3 + q
2 P2n+2 ]
+(−1)n i eP
(3.18)
and
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〈−→
C n,
−→
C n
〉
= CnC¯n + Cn+1C¯n+1 +Cn+2C¯n+2
= |Cn|2 + |Cn+1|2 + |Cn+2|2
= p2(P2n+1 + P2n+3 + P2n+5) + 2p q (P2n + P2n+2 + P2n+4)
+q2(P2n−1 + P2n+1 + P2n+3)
= 7 [ p2 P2n+3 + 2 p q P2n+2 + q
2 P2n+1 ].
(3.19)
Then for the norm of the generalized complex Pell vector, we have
∥∥∥−→Cn
∥∥∥ =
√[〈−→
Cn,
−→
Cn
〉]
=
√
|Cn|2 + |Cn+1|2 + |Cn+2|2
=
√
7 [ p2P2n+3 + 2 p q P2n+2 + q2 P2n+1 ].
(3.20)
Special Case-4: For p = 1, q = 0, in the equations (3.14), (3.18) and
(3.20), we have
〈−→
C n,
−→
Cm
〉
= 7 (Pn+m+1) + i (−1)n Pm−n ,〈−→
C n,
−→
C n+1
〉
= 7 (P2n+4) + i (−1)n
and
∥∥∥−→C n
∥∥∥ =√7 (P2n+3).
Theorem 7. Let
−→
Cn and
−→
Cm be two generalized complex Pell vectors. The
cross product of
−→
Cn and
−→
Cm is given by
−→
Cn ×−→Cm = (−1)nPm−n (2 + 2 i) eP ((i+ 2 j − k). (3.21)
Proof. The cross product of
−→
Cn =
−→
Pn + i
−−−→
Pn+1 and
−→
Cm =
−→
Pm + i
−−−→
Pm+1
defined by
−→
Cn ×−→Cm =
∣∣∣∣∣∣
i j k
Cn Cn+1 Cn+2
Cm Cm+1 Cm+2
∣∣∣∣∣∣
= i (Cm+2Cn+1 − Cm+1Cn+2)
−j (Cm+2Cn − CmCn+2)
+k (Cm+1Cn − CmCn+1) .
(3.22)
Using the property PmPn+1 − Pm+1Pn = (−1)nPm−n, we get
12
Cm+2Cn+1 − Cm+1Cn+2 = 2 (−1)n (1 + i)Pm−n (p2 − 2 p q − q2), (3.23)
Cm+2Cn − CmCn+2 = 4 (−1)n (1 + i)Pm−n (p2 − 2 p q − q2) (3.24)
and
Cm+1Cn −CmCn+1 = 2 (−1)n+1 (1 + i)Pn−m (p2 − 2 p q − q2). (3.25)
Then from the equations (3.23), (3.24) and (3.25), we obtain the equa-
tion (3.21).
Special Case-5: For p = 1, q = 0 in the equation (3.19), we have
−→
Cn ×−→Cm = (−1)nPm−n (2 + 2 i)(i + 2j − k).
Theorem 8. Let
−→
Cn,
−→
Cm and
−→
Ck be the generalized complex Pell vectors.
The mixed product of these vectors is
〈−→
Cn ×−→Cm , −→Ck
〉
= 0. (3.26)
Proof. Using
−→
Ck =
−→
Pk + i
−−→
Pk+1, we can write
〈−→
Cn ×−→Cm , −→Ck
〉
= (−1)n Pm−n eP (2 + 2 i)
〈
(i+ 2j − k), −→Ck
〉
. (3.27)
So we have 〈
(i+ 2j − k), −→Ck
〉
= Ck + 2Ck+1 − Ck+2 = 0,
〈
(i+ 2j − k), −−−→Ck+1
〉
= Ck+1 + 2Ck+2 −Ck+3 = 0.
Thus, we have the equation (3.26).
4 The Generalized Dual Pell Sequence
In this section, we define the generalized dual Pell sequence denoted by
(DPn ).
The n-th term of the generalized dual Pell number defined by
D
P
n = Pn + εPn+1. (4.1)
13
Using equations (2.1), (2.2) and (2.3), we get
D
P
n = ( p + ε ( 2 p + q ))Pn + ( q + ε p )Pn−1 , (n ≥ 2) (4.2)
with DP0 = q + ε p, D
P
1 = p+ ε (2 p + q ), D
P
2 = (2 p + q ) + ε(5 p + 2 q )
where ε2 = 0, ε 6= 0 [5].
That is, the generalized dual Pell sequence is
(DPn ) : q + ε p , p + ε (2p + q ) , (2p + q ) + ε (5p + 2 q ),
(5p + 2q ) + ε ( 12p + 5q ), . . . , ( p + ε ( 2 p + q ))Pn + ( q + ε p )Pn−1 . . .
(4.3)
Using the equation (4.1) and (4.2), we write
D
P
n = ( p − 2 q + ε q )Pn + ( q + ε p )Pn+1,
D
P
n+1 = ( q + ε p )Pn + [ p + ε (2 p + q ) ]Pn+1,
D
P
n+2 = [ p + ε ( 2 p + q ) ]Pn + [ (2 p + q ) + ε (5 p + 2 q ) ]Pn+1,
(4.4)
...
From the equations (4.1), (4.2), (4.3) and (4.4), we get the following prop-
erties for the generalized dual Pell sequence:
(DPn )
2 + (DPn−1)
2 = [(2 p− 2 q) + ε(2 p+ 2 q) ]DP2n−1 − eP (1 + 2 ε)P2n−1 ,
(4.5)
(DPn+1)
2 + (DPn )
2 = [(2 p− 2 q) + ε(2 p+ 2 q) ]DP2n+1 − eP (1 + 2 ε)P2n+1 ,
(4.6)
(DPn+1)
2 − (DPn−1)2 = [(4 p − 4 q) + ε(4 p + 4 q) ]DP2n − 2 eP (1 + 2 ε)P2n ,
(4.7)
D
P
n−1D
P
n+1 − (DPn )2 = (−1)n eP (1 + 2 ε) , (4.8)
D
P
mD
P
n+1 − DPm+1 DPn = (−1)n eP (1 + 2 ε)Pm−n , (4.9)
(DPn+1)
2 + eP (1 + 2 ε) P
2
n = (1 + 2 ε ) D
P
2n+1 , (4.10)
D
P
n D
P
n+r+1 − DPn−sDn+r+s+1 = (−1)n+s eP (1 + 2 ε)PsPr+s+1 , (4.11)
D
P
n+1−r D
P
n+1+r − (DPn+1)2 = (−1)n−r eP (1 + 2 ε) P 2r , (4.12)
D
P
n+r + (−1)r DPn−r
DPn
= Qr, (4.13)
where eD = eP (1 + 2 ε).
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Special Case-1: From the generalized dual Pell sequence (DPn ) for p =
1, q = 0 in the equation (4.3), we obtain dual Pell sequence (DPn ) as follows:
(DPn ) : 1 + ε 2 , 2 + ε 5 , 5 + ε 12, 12 + ε 29, . . . , (1 + ε 2)Pn + εPn−1, . . .
Theorem 9. If Pn and D
P
n are the generalized Pell number and generalized
dual Pell number respectively, then
lim
n→∞
Pn+1
Pn
=
pα+ q
α q + (p− 2 q)
and
lim
n→∞
D
P
n+1
DPn
=
(p q)α2 + (p2 − 2p q + q2)α + (p q − 2q2)
α2 (q2) + α (2p q − 4 q2) + (p2 − 4p q + 4q2) .
Proof. For the Pell number Pn, we had
lim
n→∞
Pn+1
Pn
= α,
where α = 1 +
√
2.
Then for the generalized dual Pell number DPn , we obtain
lim
n→∞
DP
n+1
DPn
= lim
n→∞
[p+ε (2p+q)]Pn+1+(q+ε p)Pn
[p+ε (2p+q)]Pn+(q+ε p)Pn−1
= lim
n→∞
[ (2 p+q)Pn +p Pn−1]+ε [ (5p+2q)Pn+(2p+q)Pn−1]
(p Pn+q Pn−1) +ε [ (2p+q)Pn+pPn−1]
= lim
n→∞
(2p2+p q)P 2n+(p
2+2p q+q2)PnPn−1+p q P 2n−1
p2 P 2n+2 p q PnPn−1+ q
2 P 2
n−1
+ lim
n→∞
ε
(p2−2 p q−q2) (P 2n−2PnPn−1−P
2
n−1
)
p2 P 2n+(2p q )PnPn−1+ q
2 P 2
n−1
= (2p
2+p q)α2+(p2+2p q+q2)α+p q
p2 α2+(2p q )α+ q2
+ε (p
2
−2 p q−q2) (α2−2α−1)
p2 α2+(2p q )α+ q2
= (2p
2+p q)α2+(p2+2p q+q2)α+p q
p2 α2+(2p q )α+ q2 + 0.
(4.14)
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Special Case-2: If we take p = 1, q = 0 in the equation (4.14), we obtain
lim
n→∞
D
P
n+1
DPn
= lim
n→∞
DPn+1
DPn
= α+ 0 = α.
Theorem 10. The Binet’s formula 2 for the generalized dual Pell sequence
is as follows;
D
P
n =
1
α− β ( α¯ α
n − β¯ βn). (4.15)
Proof. If we use definition of the generalized dual Pell sequence and substi-
tute first equation in footnote, we get
D
P
n = (p − 2 q + ε q)Pn + (q + ε p)Pn+1
= (p − 2 q + ε q) (αn−βn
α−β
) + (q + ε p) (α
n+1
−βn+1
α−β
)
= α α
n
−β βn
α−β
,
where α = (p−2 q+ε q)+α (q+ε p) and β = (p−2 q+ε q)+β (q+ε p).
4.1 The Generalized Dual Pell Vectors
A generalized dual Pell vector is defined by
−→
D
P
n = (D
P
n , D
P
n+1, D
P
n+2).
From the equations (2.1), (2.2) and (2.3), it can be expressed as
−→
D
P
n =
−→
Pn + ε
−−−→
Pn+1
= (p − 2 q + ε q)−→P n + (q + ε p)−→P n+1,
(4.16)
where
−→
Pn = (Pn , Pn+1, Pn+2) and
−→
P n = (Pn , Pn+1, Pn+2) are the gener-
alized Pell vector and the Pell vector, respectively.
The product of
−→
D
P
n and λ ∈ R is given by
λ
−→
D
P
n = λ
−→
Pn + ε λ
−−−→
Pn+1
2Binet’s formulas are the explicit formulas to obtain the n-th Pell and Pell-Lucas
numbers. It is well known that Binet’s formulas for the Pell and Pell-Lucas numbers are
Pn =
αn − βn
α− β
and
Qn = α
n + βn
respectively, where α+ β = 2 , α− β = 2
√
2 , αβ = −1 and α = 1 +
√
2 , β = 1−
√
2 ,
[3, 14].
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and,
−→
D
P
n and
−→
D
P
m are equal if and only if
Pn = Pm,
Pn+1 = Pm+1,
Pn+2 = Pm+2 .
Theorem 11. Let
−→
D
P
n and
−→
D
P
m be two generalized dual Pell vectors. The
dot product of
−→
D
P
n and
−→
D
P
m is given by
〈−→
D
P
n ,
−→
D
P
m
〉
= p2[(Pn+m+3 + Pn Pm) + ε (2Pn+m+4 + Pn+m + 2PnPm) ]
+p q[(Pn+m+2 + 2Pn+1 Pm+1 + 2Pn+m)
+ε (2Pn+m+3 + 4Pn+m+1 + 2Pn+m+2 + 4Pn+1Pm+1) ]
+q2[(Pn+m+1 + Pn−1 Pm−1)
+ε (2Pn+m+2 + Pn+m−2 + 2Pn−1Pm−1) ].
(4.17)
Proof. The dot product of
−→
D
P
n = (D
P
n , D
P
n+1, D
P
n+2) and−→
D
P
m = (D
P
m , D
P
m+1, D
P
m+2) is defined by
〈−→
DPn ,
−→
DPm
〉
= DPn D
P
m + D
P
n+1D
P
m+1 + D
P
n+2D
P
m+2
=
〈−→
Pn,
−→
Pm
〉
+ ε [
〈−→
Pn ,
−−−→
Pm+1
〉
+
〈−−−→
Pn+1 ,
−→
Pm
〉
],
where
−→
Pn = (Pn , Pn+1, Pn+2) is the generalized Pell vector. Also, from the
equations (2.1), (2.2) and (2.3), we obtain
〈−→
Pn,
−→
Pm
〉
= p2(Pn+m+3 + Pn Pm)
+p q (Pn+m+2 + 2Pn+1 Pm+1 + 2Pn+m)
+q2 (Pn+m+1 + Pn−1 Pm−1) ,
(4.18)
〈−→
Pn ,
−−−→
Pm+1
〉
= p2(Pn+m+4 + Pn Pm+1)
+p q [2Pn+m+3 + 2Pn+1 Pm+2 + 2Pn+m+1]
+q2[Pn+m+2 + Pn−1 Pm]
(4.19)
and 〈−−−→
Pn+1 ,
−→
Pm
〉
= p2(Pn+m+4 + Pn+1 Pm)
+p q (Pn+m+3 + 2Pn+2 Pm+1 + 2Pn+m+1)
+q2 (Pn+m+2 + Pn Pm−1) .
(4.20)
Then from the equations (4.18), (4.19) and (4.20), we have the equation
(4.17).
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Special Case-3: For the dot product of generalized dual Pell vectors
−→
D
P
n
and
−−−→
D
P
n+1, we get
〈−→
D
P
n ,
−−−→
D
P
n+1
〉
= DPn D
P
n+1 + D
P
n+1D
P
n+2 + D
P
n+2D
P
n+3
=
〈−→
Pn,
−−−→
Pn+1
〉
+ ε[
〈−→
Pn,
−−−→
Pn+2
〉
+
〈−−−→
Pn+1,
−−−→
Pn+1
〉
]
= p2 {(P2n+4 + Pn Pn+1) + ε (2P2n+5 + P2n+1 + 2Pn Pn+1)}
+p q{(2P2n+3 + P2n−1 + 2Pn Pn−1)
+ε (2P2n+4 + 4P2n+2 + 2P2n+3 + 4Pn+1 Pn+2)
+q2{(P2n+2 + Pn−1 Pn)
+ε(2P2n+3 + P2n−1 + 2Pn Pn−1)}
(4.21)
and
〈−→
D
P
n ,
−→
D
P
n
〉
= (DPn )
2 + (DPn+1)
2 + (DPn+2)
2
=
〈−→
Pn,
−→
Pn
〉
+ 2 ε
〈−→
Pn,
−−−→
Pn+1
〉
= p2(P2n+3 + P
2
n) + p q(P2n+2 + 2P
2
n+1 + 2P2n)
+q2(P2n+1 + P
2
n−1)]
+2 ε{p2(P2n+4 + PnPn+1) + p q(P2n+3 + 2Pn+1 Pn+2)
+q2(P2n+2 + Pn−1Pn)}.
(4.22)
We obtain the norm of the generalized dual Pell vector 3 like this;
∥∥∥−→DPn
∥∥∥ =
√[〈−→
D
P
n ,
−→
D
P
n
〉]
=
√[
(DPn )
2 + (DPn+1)
2 + (DPn+2)
2
]
=
√[
p2(P2n+3 + P 2n) + +p q(P2n+2 + 2P
2
n+1 + 2P2n) + q
2(P2n+1 + P 2n−1)
]
+
√
2ε{p2(P2n+4 + PnPn+1) + pq(P2n+3 + 2Pn+1Pn+2)
+
√
q2(P2n+2 + Pn−1Pn)}.
(4.23)
Special Case-4: For p = 1, q = 0 in the equations (4.17), (4.21) and (4.23),
we have
〈−→
D
P
n ,
−→
D
P
m
〉
= [Pn+m+3 + PnPm] + ε [2Pn+m+4 + Pn+m + 2PnPm]
〈−→
D
P
n ,
−−−→
D
P
n+1
〉
= [P2n+4 + PnPn+1] + ε [2P2n+5 + P2n+1 + 2PnPn+1]
3Norm of the dual number is:
∥
∥
∥
−→
A
∥
∥
∥ =
√
a+ ε a∗ =
√
a+ ε a∗
1
2
√
a
, A = a+ ε a∗ [1].
.
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and
∥∥∥−→DPn
∥∥∥ =√(P2n+3 + P 2n ) + 2 ε (P2n+4 + PnPn+1)
= (P2n+3 + P
2
n ) + ε
(P2n+4+PnPn+1)√
(P2n+3+Pn
2 )
.
Theorem 12. Let
−→
D
P
n and
−→
D
P
m be two generalized dual Pell vectors. The
cross product of
−→
D
P
n and
−→
D
P
m is given by
−→
D
P
n ×
−→
D
P
m = (−1)m+1Pn−m (1 + 2 ε) eP ((i+ 2 j − k). (4.24)
Proof. The cross product of
−→
D
P
n =
−→
Pn + ε
−→
Pn and
−→
D
P
m =
−→
Pm + ε
−−−→
Pm+1
defined by
−→
D
P
n ×
−→
D
P
m = (
−→
Pn ×−→Pm) + ε (−→Pn ×−−−→Pm+1 +−−−→Pn+1 ×−→Pm),
where
−→
Pn is the generalized Pell vector and
−→
Pn × −→Pm is the cross product
for the generalized Pell vectors
−→
Pn and
−→
Pm.
Now, we calculate the cross products
−→
Pn ×−→Pm, −→Pn ×−−−→Pm+1 and−−−→
Pn+1 ×−→Pm:
Using the property PmPn+1 − Pm+1Pn = (−1)nPm−n, we get
−→
Pn ×−→Pm = (−1)m+1Pn−m(i+ 2j − k)(p2 − 2 pq − q2)
= (−1)m+1Pn−m (i+ 2j − k) eP ,
(4.25)
−→
Pn ×−−−→Pm+1 = (−1)m+2Pn−m−1 (i+ 2j − k)(p2 − 2 pq − q2)
= (−1)m+2Pn−m−1 (i+ 2j − k) eP
(4.26)
and
−−−→
Pn+1 ×−→Pm = (−1)m+1Pn−m+1 (i+ 2j − k)(p2 − 2 pq − q2)
= (−1)m+1Pn−m+1 (i+ 2j − k) eP .
(4.27)
Then from the equations (4.25), (4.26) and (4.27), we obtain the equation
(4.24).
Special Case-5: For p = 1, q = 0 in the equation (4.24), we have
−→
DPn ×
−−→
DPm = (−1)m+1Pn−m (1 + 2 ε)(i + 2j − k).
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Theorem 13. Let
−→
D
P
n ,
−→
D
P
m and
−→
D
P
k be the generalized dual Pell vectors. The
mixed product of these vectors is
〈−→
D
P
n ×
−→
D
P
m ,
−→
D
P
k
〉
= 0. (4.28)
Proof. Using the properties
−→
D
P
n ×
−→
D
P
m = (
−→
Pn ×−→Pm) + ε (−→Pn ×−−−→Pm+1 +−−−→Pn+1 ×−→Pm)
and
−→
D
P
k =
−→
Pk + ε
−−→
Pk+1, we can write
〈−→
D
P
n ×
−→
D
P
m,
−→
D
P
k
〉
=
〈−→
Pn ×−→Pm, −→Pk
〉
+ ε [
〈−→
Pn ×−→Pm, −−→Pk+1
〉
+
〈−→
Pn ×−−−→Pm+1, −→Pk
〉
+
〈−−−→
Pn+1 ×−→Pm, −−→Pk+1
〉
].
Then from equations (4.25), (4.26) and (4.27), we obtain
〈
(i+ 2j − k), −→Pk
〉
= Pk + 2Pk+1 − Pk+2 = 0,
〈
(i+ 2j − k), −−→Pk+1
〉
= Pk+1 + 2Pk+2 − Pk+3 = 0.
Thus, we have the equation (4.28).
5 Results and Discussion
The generalized Pell, the generalized complex Pell and the generalized dual
Pell sequences have been defined as follows:
The generalized Pell sequence is given by
Pn = 2Pn−1 + Pn−2 , (n ≥ 3) (5.1)
with P0 = q , P1 = p , P2 = 2 p+ q, where p, q are arbitrary integers.
The generalized complex Pell sequence is given by
Cn = Pn + iPn+1 , i
2 = −1, i 6= 0 (5.2)
with C1 = p + i (2 p + q) , C2 = (2 p + q) + i (5 p + 2 q), C3 = (5 p + 2 q) +
i (12 p + 5 q),... where p, q are arbitrary integers.
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The generalized dual Pell sequence is given by
D
P
n = Pn+ εPn+1) = D
P
n = ( p + ε ( 2 p+ q ))Pn+( q + ε p )Pn−1 , (n ≥ 2).
(5.3)
with DP0 = q +ε(p+q) , D
J
1 = p+ q + ε(p+3 q), D
J
2 = p+3 q + ε(3 p+5 q)
where p, q are arbitrary integers.
For real, complex and dual cases of the generalized Pell sequence are ex-
amined special cases (for p = 1, q = 0). In addition, limit of the generalized
Pell number and Binet’s formula for the generalized Pell sequence are given.
Furthermore, real, complex and dual vectors and dot product, cross product
and mixed product of these vectors are given.
6 Conclusions
The generalized Pell, the generalized complex Pell and the generalized dual
Pell sequences have been introduced and studied. The use of such special se-
quences has increased significantly in quantum mechanics, quantum physics,
etc.
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